Abstract. A metric tree is a tree whose edges are viewed as line segments of positive length. The Dirac operator on such tree is the operator which operates on each edge, complemented by the matching conditions at the vertices which were given by Bolte and Harrison [1] . The spectrum of Dirac operator can be quite different, reflecting geometry of the tree. We discuss a special case of trees, namely the so-called regular trees. They possess a rich group of symmetries. This allows one to construct an orthogonal decomposition of the space L 2 (Γ) which reduces the Dirac. Based upon this decomposition, a detailed spectral analysis of Dirac operator on the regular metric trees is possible.
INTRODUCTION
Over the last decade, there were several papers about operator analysis on graph theory. However Naimark and Solomyak [4] took a first featured step in this direction on the Laplace operator.
REGULAR ROOTED METRIC TREES

Geometry of a tree.
Let Γ be a rooted tree. Assume that o is the root, V = V (Γ) is the set of vertices and E = E(Γ) is the set of edges of Γ. Suppose that #V = #E = ∞. Each edge e of a metric tree is regarded as a non-degenerate line segment of length |e|. The distance d(x, y) between any two points x, y ∈ Γ, and thus the metric topology on Γ, is introduced in a natural way. Everywhere below, |x| stands for d(x, o). A subset Ω ⊂ Γ is compact if and only if it is closed and has non-empty intersections with only a finite number of edges. For any two points x, y ∈ Γ there exists a simple polygonal path in Γ which starts at x and terminates at y. This path is unique and we denote it by < x, y >:= {z ∈ Γ : x z y}, where we write x y if |y| = |x| + d(x, y).
We write x ≺ y if x ∈< o, y > and x = y. For any vertex v its generation gen(v) is defined as
In particular, v = o is the only vertex such that gen(v) = 0. For any edge emanating from the vertex v (which means that e =< v, w > and v ≺ w) we define its generation as gen(e) := gen(v). In this paper we consider regular trees only. Clearly, any regular tree is fully determined by specifying two number sequences (generating sequences) {b n } = {b n (Γ)} and {t n } = {t n (Γ)}, n = 0, 1, ... s. t.
According to our assumptions, one has b 0 = 1 and b n ≥ 2 for any n > 0. It is clear that t 0 = 0 and the sequence {t n } is strictly increasing, and we write
It is natural to refer to h(Γ) as the height of Γ. Another useful characteristics of the regular tree is its branching function. The branching function g Γ (t) of Γ is defined by
We also introduce the reduced height of Γ
.
For the trees of infinite height both L(Γ) < ∞ and L(Γ) = ∞ is possible. It follows from here that the natural measure dx on Γ is induced by the Lebesgue measure on the edges. The spaces L p (Γ) are understood as L p -spaces with respect to this measure. We denote by |Ω| the measure of a (measurable) subset Ω ⊂ Γ and call the number |Γ| the total length of Γ. It is clear that d(x, y) = | < x, y > | for any pair of points x, y ∈ Γ and that |Γ| = Γ g Γ (t)dt.
Special subtrees of Γ.
Subtrees T ⊂ Γ of the following two types play a special part in the further analysis. For any vertex v and for any edge e =< v, w >, v ≺ w we set
T e = e ∪ T w .
In particular, T o = Γ and
Let T ⊂ Γ be a subtree. The branching function g T (t) of T is defined by
Due to the regularity of Γ, all the subtrees T e , gen(e) = k can be identified with a single tree Γ k whose generating sequences are
, n ∈ N. An important introduction is followed from here that the branching function g Γ k is given by
Note also that any subtree T v , gen(v) = k, can be identified with the union of b k copies of the tree Γ k emanating from the common root v.
THE DIRAC OPERATOR ON A REGULAR TREE
The notion of Dirac operator on any metric graph, in particular on a tree, is well known. Still, for the sake of completeness we present here the variational definition of the Dirac operator with matching conditions [1] on a tree.
The Dirac operator.
First we say that a scalar-valued function f on Γ belongs to the Sobolev space
edge e, and
Let H 1 c stand for the set of all functions from H 1 having compact support. Next we define
is the Dirac operator. Note that we are using atomic units in this research, i.e., m el = = el = 1. As usual, the two matrices α and β are the Dirac matrices for two-component spinors in standard representation, explicitly
, where j turns over all bonds. At the root we have the boundary condition f (o) = 0, where f ∈ D; for the matching conditions at v = 0, we can construct matrices (6)
We have the condition
with rank(A, B) = 2v k and
which satisfies [1, Formula (4.15)], where
of boundary values at k,
. . .
Without loss of generality, we can choose the space
where
Reduction of the Dirac.
Our further analysis is based upon an orthogonal decomposition of the space L 2 (Γ) which, for the case of regular trees, reduces the Dirac. Let us describe this decomposition. Given a subtree T ⊂ Γ, we say that a function u ∈ L 2 (Γ) belongs to the set (a closed subspace) F T if u(x) = 0 for x / ∈ T ; u(x) = u(y) if x, y ∈ T and |x| = |y| .
In particular, F Γ consists of all symmetric (i.e. depending only on |x|) functions from L 2 (Γ). We need the subspaces F T associated with the subtrees T e and T v , introduced in Subsection 2.2. To simplify our notations, we shall write F e , F v instead of F Te , F Tv . It is clear that for each vertex v = o the subspaces F e 
Proof. The below result
is an obviously consequence of [4, Formula (2.15)]. According to Equation (13) and the distributive law, we can get that
Now we have to describe the parts of the Dirac in the subspaces F Γ and F 
where F e <j> v , j = 1, ..., b(v) is defined as [4] .
is unitarily equivalent to the orthogonal sum of (b k − 1) copies of the operator D k .
Proof. According to Lemma 1 and the distributive law, we can get that
Our next step is to understand the nature of each operator D k . Below we introduce a family
j>k Ij
and the following boundary condition at t k and the matching conditions at the points t j , j > k are satisfied:
Without loss of generality, we can consider the positive parts
here and in the sequel the symbol "∼" stands for the unitary equivalence.
Lemma 2. For any k = 0, 1, ...
where θ s , s = 1, ..., v k are selected randomly at each vertex. Let
Then we can get thatÂ (k) andB (k) are satisfied (7) according to [1, Section 6 ]. Thus D k with the boundary condition (7) is permutation-invariant.
(ii) To prove
; at any point t j , j ∈ N, the function ψ meets the matching condition
which comes from the continuity of φ on 
According to Lemmata 1 and 2, we get Formula (25).
THE DIRAC OPERATOR ON REGULAR TREES OF INFINITE HEIGHT
Our next result is quite elementary and its proof is standard. The result applies to Laplacian rather than to Dirac operator only, see [5] . Still, below we formulate only the case of Dirac operator we are interested in in this paper. According to the theorem of Friedrichs extension, we know that B c is self-adjoint on D. Following this, we can get the below theorem. 
